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CHARACTERIZATION OF
GEOMETRY OF DEFORMATION -
DISPLACEMENTS & STRAINS
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2.1 DISPLACEMENTS:

We now turn our attention to characterizing the geometry of deformationin asolid
body. Consider a body that is subject to some external loads. The body deformsin shape
fromits origina shape. We characterize this deformation by first keeping track of the way
each point of the body in its undeformed/unloaded configuration moves to occupy a
different point after deformation.

Obvioudly, point A movesto A', B to B’
etc., and we can draw displacement
vectors from A to A' and so on. With
reference to a Cartesian coordinate frame,
we can say that point A has been displaced
by an amount u, along the x-axis, U, along
the y-axis and u, along the z-axis. That is:
A(Xy,2) --> A'(x+u,,y+u,,z+U,).

z Similarly for points B, C €tc.

Figure 1
Thus aset of three numbers{ u, ,u,,u, } a each point definesthe displacement of that
point upon application of external loads. Obviously { u, ,u,,u, } canvary from point to
point and so we should say displacements { u, ,u,,u, }|, and soon. Instead of identifying
points by an arbitrary label such as A or B, we can use the original coordinates of point A
or B to identify the point itself. So we represent the displacements as u, (x,y,2), U, (X,y,2)
and u, (x,y,z); and the way to interpret these quantitiesis as follows:

u, (X, y,z)u apointinitialy at (x,y,z)
u,(X,y,z)y b displaces upon deformation to
u(x,y,2p (X+ u,y+u,z+u,)

Plane Deformation: For certain problemsinvolving very thick bodies where nothing
variesin the thickness direction and the loading is only in the plane of the body, a useful
two-dimensional approximation is:

u, =0; uxy);u/(xy).
This means that no point gets displaced in the z-direction, and furthermore every plane
parallel to the xy-plane deformsin the same manner. Turns out that plane deformationisa
different kind of two-dimensional approximation than plane stress. More on this later.
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2.2 STRAINS:

Since abody can displace (trandate and/or rotate) without deforming (changing
shape or size), and sinceit is only deformation that causesinternal stresses, we need to
extract that part of the displacement of abody that leads to deformation. That is, we need
measures of change of size and shape of a body. These measures are called strains.

Now consider atwo-dimensional body that has suffered a plane deformation.

- Let usdraw two small line elements in the body before deformation as follows: AB of

length Dx paralle to the x-direction; and AC of length Dy parallel to the y-direction.

- Upon deformation, these small line elements deform to A'B' and A'C' as shown in the
figure. We will continue to treat the deformed line e ements as straight lines, which is
actually only an approximation that will be adequate provided the line elements are
sufficiently small.

Figure 2
- Congder the change in length to origina length of line element AB:

AB-AB AB'-AB_Ul-ul

2 providedf issmall.

AB AB

Based on the above, we now define anormal strain:

_ dim Mg - wl U gy,

€x ~ DXx® O,:\ Dx X (1)

The above normal strain measure can be obtained at any point in the body and is ameasure
of the change in length to the origina length of aline element initially along the x-direction.
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- Consider now the changein length to original length of line element AC:

AC-AC AC'-AC _ ul - u
AC AC
Based on the above, we can define another normal strain:

£ providedy issmall.

lim Wl - wl, 0 oy o

€y = Dy® OAT% %y

Again, the above normal strain measure can be obtained at any point in the body and isa
measure of the changein length to the original length of line eementsinitially along the y-
direction.

- To characterize change of shape, we can obtain a measure of the changein angle between
AC and AB whichis ¢ +1 . Consider:

n u - u au
o »tang = BB, - le ylA - Y959%® —L providede, issmall.
A'B" ioul -ul. 0 X
Dxj1+———2y
)
Similarly
" ul. -u
Y »tany = C" - e~ Ul - ¥%® o, provided e, issmall.
AC | Uy| - uJ U oy
Dyj1+ "4
i b

We therefore definetwo shear strains:

1|au 8in,] 3
2 ay ax% )

=t =5 0+0) =5

where we have equitably distributed one-half the change in angle to each shear strain.
These shear strains are therefore ameasure of half the change in angle between two line
elements that were initially aong the x- and y-directions respectively.
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- Generdizing the above strain measures to the three dimensiona case, we can define three
normal strains and six shearing strains as.

€ :auX e =g = 11 au, +3Uyl';]
XX = =—j —_
€, = %l;y 11 au, N au, U @
g€ =g =—f|—=+—
) e~y "oy oz
u
€, = 4 N ..
0z € _=¢ :}laux +%U

Xz a8

2% 0z ax%

The three normal strains are ameasure of change of size (length) of line elements along the
appropriate coordinate directions, and the six (of which only three are distinct) shear strains
are ameasure of change of shape (angle) between pairs of line elementsinitially along the
corresponding coordinate directions.

It turns out that these nine numbers are all that we need to characterize the state of
strain at any point in the body. In fact, knowledge of the elongation and shearing of line
elements with respect to the xyz-directions, is sufficient to determine the elongation or
shear in any other direction. (I am not going to prove this, but it follows directly from
geometry. You can look it up in one of the references, and more on thisin a homework
problem). Actually, by now, you must have guessed that these nine numbers seem to be
awfully similar to the nine components of the stress tensor. In fact we shall group them as:

}Sxx exy ‘(5x2||’I
e=je, &, £,Y ©)

182x 8zy 8zzb

and call itthestrain tensor, and call each of the nine strain measures the components of
the strain tensor or strain components with respect to the reference frame.

Remarks: In our characterization of the geometry of deformation, we have assumed that the
deformation is small, or more correctly, that the deformation derivatives are small. If the
application of external loads to a body |eads to large deformation (strains), we should not
use this theory, but develop a more accurate one. For most engineering solid structures
however, small strain approximation is pretty good.
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2.3 STRAIN TRANSFORMATION RELATIONS:

Therelations that connect the strain components in one reference frame to any other
frame are analogous to the stress transformation equations. By considering line elements
that were initially along x, y and z coordinate directions, we defined the nine components
of the strain tensor (eg. 5). What do we do about line elements that are at an angle to the
xyz coordinate directions? Equivalently, what if we had considered a different x'y'z
coordinate frame? In this case, we would have had another set of nine strain components:

. t Exx & Xy €y V
E=l8y Eyy Ey2Y
T 8z‘x' z‘:zy‘ 8zz' b

What do you think these measure? Make sure that you answer this question before reading
further
O

Asluck (actualy itisnot luck, but geometry!) would have it, it turns out that strain
isa2-tensor. | am not going to prove this,but will ask you to trust me on this
one.Therefore, knowing the strain components with respect to one coordinate frame, we
can obtain the strain components with respect to any other coordinate frame using:

g =TeT'
where T is the same transformation matrix we saw in the previous chapter.

Aside on engineering shear strains. Y ou might wonder why we introduced the factor half in
the definition of the shear strain. Actually there is something called engineering shear strain
Y, =2¢,,, €t ceterathat does not contain what you might consider as a nuisance factor of

half. We will use the engineering shear strains extensively later on when we look at
numerical solutions. However, it turns out that the nuisance factor of half is necessary in
order to make strain a 2-tensor. That is, (5) behaves like atensor (ie transformslike a
tensor) only with the half in the definition of the shear strains. We just haveto live with it
for now. And you have to remember that engineering shear strains are twice the tensor
definition of shear strains.
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2.4 COMPATIBILITY EQUATIONS:

Paralleling our development of the concept of stress, we shall now inquire whether
there are any physical restrictions that apply to the strain components. In the case of
stresses, we had Newton's laws to satisfy. Strains, being a geometric measure of
deformation, must obey some geometric constraints. Physically, we shall now require that
abody not break apart but stay together upon deformation (thisisjust arestriction on
allowable deformation, not a physical law - bodies do break!). Also, points A and B which
wereinitially different should not merge into one point after deformation and vice versa.
Mathematically, this requiresthat all points on the body before deformation map to points
after deformation in a one-to-one and sufficiently smooth manner. Thisleadsto the so-
called equations of compatibility.

Note that in the two-dimensional case, we defined three strain quantities from only
two displacement quantities. We get the fedling that they must somehow be related if the
displacements of the body are nice and smooth (no breaks in the body, and two points do
not become one after deformation etc). Indeed, this relation can be obtained from the strain
displacement equations as follows:

L . 0% o%u
Taketwo derivatives of e, with respect to'y": — XX = X
Q(X Sp y ayz ayzax
T ake two derivati ; ith . %, o°u,
etwo derivatives o with respect to 'x': =
S =P x> 9x2y

Taketwo derivatives of g,, -- once with respect to 'x' and once with respect to 'y":
Yoy 11 o% 0wl
oxgy 21 ay*ax axzay%

Stare hard at the three expressions above and note that:

828;)( +82£;,y :Zazsxy ©)
ay axay
What the above saysis that we cannot have any arbitrary strain distribution in abody, if
we want to ensure that the deformed body does not have holesin it or has severa points
merging into one etc. The strains must be such that they satisfy the compatibility egn. (6).
Remarks: (i) So, what do my physical restrictions on allowable deformations have to do
with the above algebraic blitzkreig? The requirement that the deformation be smooth etcis
precisely what alowed us to take the required number of derivativesin the above.

(i1) For the general three-dimensional case, one has atotal of six equations of compatibility

that the strain components must satisfy.

oX
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2.5 DISPLACEMENTS AND STRAINSIN POLAR COORDINATES:
There are times when it is advantageous to use cylindrical polar coordinates to keep
track of displacements and strains. In order to characterize the geometry of deformation, we

now keep track of displacements of points along theradial r and tangential q directions as
shown in figure (in two dimensions only). Thus we have the displacement functions:

u(r,q), u,(r,q) that keep track of particle displacement upon deformation.
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Figure 3
By considering line elements that are along the radia and tangential directions before
deformation, and monitoring their new positions upon deformation, we can define strain
componentsin cylindrical polar coordinates:

_ Ju,

rr_?
10 u
ee___%'l' -
r oo r

laduy, 1lou U9
=8 oy T —

2€9r ro9 r9
Thefirst two are radial and tangential normal strains, and the last is a shear strain. Their
meaning should be rather obvious to you.

€

Remark: One thing you might want to ponder about isthis: If abody undergoes purely

radial deformation (ie. every point movesradially out or in, and so u, exists but u,=0

everywhere as shown in the figure), then is the tangential normal strain g,, zero? Why or

why not?
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