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3.1 MATERIAL RESPONSE

Consider acylinder made of stedl. Let usapply aforce Ftoit. It deforms by a

certain amount. However, if we make ageometrically identical

“<Z=< . specimen out of rubber and apply the sameforceF, it deforms by a
much greater amount. Clearly, the deformation of a body subject to a
certain applied force is not only dependent on the magnitude of the
applied force, but aso depends on the type of material the body is
made of. Suppose that our steel cylinder is uniform and has an initia
length L and cross-sectional area A. Let us do the following
TF experiment. Let us gradually increase the applied load F and monitor

the deformation AL.

The stressin the body is o, = F/A and the

ragure

strainise, = AL/L. Plotting this, wefind --->

\ roportional limit

That is, for one-dimensional rod stretching and
for small enough strain, the stress and strain

i inear elastic
arelinearly related: esponse

OXX = ESXX (1)
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where E iscalled Y oung's modulus. Thisis
called Hooke's law which isvalid for small enough strains for rods made of a certain class
of materials.

Now, what if the body had a more complicated state of stress and strain? For
instance, in addition to normal stress/strain, we aso had shearing or something more
complicated? We take aleap of faith and generalize Hooke's law to state that the six
independent stresses are related to the six independent strains linearly:

WD B G Gs G4 Gs GCell&uU

Tuh $n G Cx G Cx Cupdyp
(0,0 [€ Cp Cyu Gy Cp CgllE,U
%&y D_ %41 Cp Ci3 Cy Cps Gy xyg
D0 W G G G G Gyl

Ox0 [ G2 Gz G G GV
where | have used engineering shear strains.
Thejustification for thisisthat experiments seem to bear this out for alarge class of
materials of engineering interest. Materiasfor which the aboveistrue are called linear

elastic. Thisleaves us with 36 elastic constants that we have to determine for agiven
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material. That is much more than we would like to handle, so we make some more
simplifications about the material. We will consider only those linear elastic materials which
areisotropic. By thiswe mean that the material has the same propertiesin al directions.
Such isotropic behavior isthe result of some underlying symmetry of the material
microstructure (at the crystalline atomic level, or else in an average sense). For such
isotropic linear elastic materials, it turns out that that there are only two elastic constants.
The relation between stresses and strains at any point in such materialsis given by:
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where E isthe Y oung's modulus and v is the Poisson's ratio of the material.

Remarks:

() Take these material response relations as experimental facts. We cannot really
completely derive these based only on theoretical considerations. Also note that the ones|
have laid out above are true only for small strains, and only for some materials. Materias
respond in avariety of ways, the most important (from an engineering standpoint) of which
isthe above. We will consider only isotropic linear elastic materialsin this course.

(i1) Note that for isotropic materials, normal stresses are related to only normal strains and
shear stresses are related to only shear strains. Thisis not necessarily true for other kinds
of materials.

(i) Examples of isotropic materials are most polycrystalline metals. Examples of materials
which are not isotropic are wood, rolled sheet metal, and most composite materials, which
have different material response in different directions. They may have lesser degrees of
symmetry than isotropy, and may require upto 21 (one can show that the elasticity matrix
above must be symmetric from energy considerations allowing only for a maximum of 21
independent constants) elastic materia propertiesto completely describe them.
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