ME_362 Sress Analysis

THE EQUATIONS OF LINEAR ELASTICITY IN CARTESIAN
COORDINATES: Three-dimensional defor mation

Displacements (3):  u’ :[uX u, uz]

Strains (6): e’ =[£XX €y € Yo Yy sz]
Stresses (6): o' :[GXX o, O, O, O, OZX]
EQUILIBRIUM EQUATIONS (3):

00
aoxx+ Xy+acz><+fx:pﬂx

X oy oz

aoxy +80W N aoyz

ax ay oz

+f, =py,

0 .
aozx+ Oyz+aozz+fzz pu,
0X ay 0z

where a superposed dot represents atime derivative, and r ismaterial density.

LINEAR ELASTIC, ISOTROPIC MATERIAL RESPONSE (6):

o =Dc¢
e, X v 0 0 0
é 1-v 1-v
&Yy 1 v 0 0 0
- v 1-v
— — 1 0 0 0
E(1- v) 1-v 1-v
wheeeD=————a 1-2v
(L+v)(1- 2v)° O 0 0 0 0

e 2(1- v)
€0 o0 0 0 12 0
é 2(1-v)
é 0 0 0 0 0 1-2v
e 2(1- V)
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ME_362 Sress Analysis Handout 1

STRAIN-DISPLACEMENT RELATIONS (6):

Ju
X idu, du, 0
€ = — X Yy
* o 9x ny_ny_%ay"'&
Ju
gy = Ey i'auz N auy[g (3)
= :l —
; Ve = Vo Tay oz
u
€£,= —=
9z Vi =Vo = | S+ LY
I 9z  0X

Note: In lieu of the strain-displacement relations, we may use the compatibility conditions
for the strains. For any given problem, we must solve for the fifteen unknowns using the
above set of fifteen equations subject to the appropriate boundary constraints (either applied

forces or displacements).
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THE EQUATIONS OF LINEAR ELASTICITY IN CARTESIAN
COORDINATES: PLANE STRESS

Displacements: u' = [uX xy) u,(x Y)]
Strains: g = [exx(x, Y) en(xy) v xy(X'Y)]
Stresses: o =[0.06Y) oY) oy ()]

Equilibrium Equations. (static equilibrium, no body forces):

90 4 B =0
X oy
Jo,, +80W -0
X oy

Strain-Displacement Relations;

ou aU u au, ¢
e S0 By T ny:ea_x-'-_yo
X oy egy 0x @

Reduced Stress-Strain Relation:

u
/2U

Y 0
o =De where D = % O

E €l
1\/&\3

Auxiliary Equation: The through-thickness strain is given by

n=-L(o, o)

from which one can obtain the out-of-plane displacement u, viaintegration: u, = (¢ ,,dz.

The Airy Stress Function F (x,y): Defining an Airy stress function through:

O — 73

0°F 5 _0°F 5 = 0°F
ay*’ S A G

The governing differential equation for plane stress then becomes:

N“FOGAF 0°'F L 0'F —p
ax* axay2 ayt
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THE EQUATIONS OF LINEAR ELASTICITY IN CARTESIAN
COORDINATES: PLANE STRAIN

Displacements: u' = [uX xy) u,(x Y)]
Strains: g = [exx(x, Y) en(xy) v xy(X'Y)]
Stresses: o =[0.06Y) oY) oy ()]

Equilibrium Equations. (static equilibrium, no body forces):

90 4 B =0
X oy
aow +80W -0
X ay
Strain-Displacement Relations:
SXX:auX, € au Y :@i+%é
0X w = ay Y o egy oxo
Reduced Stress-Strain Relation:
E(1- é 1 V/(l' V) 0 U
O':DEWhEI'ED_#‘V/(-V) 1 U
(L+v)(1- ) § 0 (1- 2\/)/2(1 v)(Q

Auxiliary Equation: The through-thickness normal stress needed to obtain a state of plane
deformation is:

0, = v(oxx +0yy)

The Airy Stress Function F (x,y): Defining an Airy stress function through:

o

XX

_d°F 5 _9°F 5 = 0°F
T Y T e YT axay
The governing differential equation for plane stress then becomes:
a“F 'F L O°F _

N*F ©
o ax ay2 ay*
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THE EQUATIONS OF LINEAR ELASTICITY IN CYLINDRICAL POLAR
COORDINATES: PLANE STRESS

Displacements: u' =[u (r8) u(r.0)
Strains; e =[e,(10) €4 (r0) v,(r.0)]
Stresses: o' =[0,(r0) ou(r0) o,(r0)

Equilibrium Equations. (static equilibrium, no body forces):

Jo,, +1. Jo - Oy

o +0rr =0
or r 06 r
90,4 +1.6096 +20re =0
ar r 00 r
Strain-Displacement Relations:
L N e L 1
I

€ A —
"o r e

Reduced Stress-Strain Relation:

E
o =De where D=—— »

8 0 @y

Auxiliary Equation: The through-thickness strain is given by

from which one can obtain the out-of-plane displacement u, viaintegration: u, = Q¢ ,,dz.

The Airy Stress Function F (r,q): Defining an Airy stress function through:

_19F 1 9°F _9F _1oF 14°F

P 2N

= +—=—: O, = o, =
ror r?oo’ 0 ar “r%90  roroo

O‘I'I‘
The governing differential equation for plane stress then becomes:

N*F ©

Y a2
1,
|

or?
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THE EQUATIONS OF LINEAR ELASTICITY IN CYLINDRICAL POLAR

COORDINATES: PLANE STRAIN

Displacements: u' =[u (r8) u(r.0)
Strains; e =[e,(10) €4 (r0) v,(r.0)]
Stresses: o' =[0,(r0) ou(r0) o,(r0)

Equilibrium Equations. (static equilibrium, no body forces):

aorr +1'80r(-) +0rr - Og =0
or r 06 r
90,4 +1.6096 + 20 =0
ar r 00 r
Strain-Displacement Relations:
1 1 (]
errzﬂ; 899=_a_%+ﬁ; m:ia_%+_%_u_eu
or r do r 1 dr r 9o r
Reduced Stress-Strain Relation:
E(1- é 1 V/(l' V) 0 u
o =De WhereD:#év/(l- V) 1 0 U
1+v)A-2v)a o 0 (1- 2v)/2(1- v){

Auxiliary Equation: The through-thickness normal stress needed to obtain a state of plane

deformationis:
OZZ = V(Orr +069)

The Airy Stress Function F (r,q): Defining an Airy stress function through:

__1£+182F. _F _19F 106°F

o2 2 o

o= =~—: o, = o, =
" roar r?oa0? % ar “r290 rarao

The governing differential equation for plane stress then becomes:

- 102 190 1 02010 10 1 027
N4F0 |'—2+——+—2_2u|'—2+——+—2_2u|::0
Tor" ro 1”96 %Tar ror r 66%
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