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5.1 BENDING OF BEAMS

Beams are thin long structures that are transversely loaded. Consider the cantilever
beam shown in the figure. What are the stresses, strains and displacements of this
structure? In principle, we can try to solve the compl ete equations of elasticity subject to
appropriate boundary conditions. Thisis however rather complicated. So, we will develop
an approximate and simpler theory.
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5.2 BERNOULLI-EULER BEAM BENDING THEORY:

Restrict attention to beams of vertically symmetric cross-section, where the transverse (y-
directed) loading isin the plane of symmetry. Experimentaly it isfound that:

(8 The only predominant quantities are the bending stress s, and the bending strain e,

with all the other stress and strain components being negligible in comparison to these.
Note that this cannot strictly be true because we certainly should have some normal
stress near the top surface of the beam due to the applied loads! Again, by considering a
cut through any cross-section, we would expect some shear stresses on these faces to

balance the applied y-directed loads. Also, if we have astress s, , then we would

expect some contraction or expansion in the y- and z-directions from the Poisson effect.
What we are claming here is that these are not as important as the bending stress and
bending strain, and so we are going to throw everything but these out from our theory.
This means that our theory is only approximately valid, and is actually not "clean". We
will have to pay for these assumptions soon.

(b) The centroidal surface along the length of the beam islongitudinally unstressed and
unstretched, and thereforeit is called the neutral surface. We can intuitively guess that
for the cantilever beam shown above, any longitudinal (x-directed) line e ement will
want to stretch at the top, and will compress at the bottom. Therefore thetopisin
tension and the bottom isin compression for the beam shown. And therefore there must
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be atransition plane where there isno normal stress! Thisistrue for al beams, not just
the one shown in the figure. We locate our coordinate system such that the xz-planeis
on this neutral centroidal surface.

(c) All quantities are essentialy independent of 'Z'; ie, they do not vary in the thickness
direction.

Mathematically, the above can be stated as:

o "
e =—2 =
Yooy
o
sw:}%aux + D=0 (2
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and we can neglect all the other strain components. Also, since only the bending stress s,

is predominant, we can neglect all the other stress components. From the stress-strain
relations, we have:

1 O
€ :E [0 -V (0, +0,)] »—E (3)
negligible

where E isthe Y oung's modulus and n is the Poisson's ratio of the linear elastic isotropic
material of the beam.

Now let uslook at the consequences of our assumptions; they simplify the equations of
elasticity considerably.

- From (1): Weimmediately recognize that u, is not a function of 'y" and since nothing
varies with 'z' according to our assumptions, we have:

u, = u,(X) (4)

Physical meaning: every point on across-section (ie, at a given x-location) has the same
vertical displacement u,, which by the way is called the beam deflection. Thisbeam
deflection will be our favorite creature, and we will now try to cast everything elsein terms
of this.
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- From (2):

au, 0y du,(x)

ay 0X dx
du,(x) du, (x)
p =. A~ dv = - Y f
U= 0 g V=Y 7 (%)

function of integration

since U, depends only on one variable 'x'.

However, since the neutral axisis unstretched, we set u, (y=0) = 0, and so f,(x)=0; and we
arerid of it! Therefore:

du,(x)
u =-y———o,
i (5)
Physical meaning: The longitudinal displacement o é
u, varieslinearly with the y-distance from the ~
yV

neutral axis. Along with (4) this means that any
cross-sectional plane stays aplane, though it
displaces and rotates a bit from its original
position.

- The bending strain using (5) becomes:

au d’u, (x)
e =0 = - y2 (6)
0X dx
-The bending stress, from (3) and (6) is:
d?u, (X)
=E =-E y
C)-><>< 8><>< y dXZ (7)
And with that we have cast al the quantities of interest (the bending stress s, , the bending

straing,,, and the longitudinal displacement u,) in terms of the beam deflection u,.
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We have still not used Newton'slaws. Now is where we have to pay up for all of our not-

so-clean approximations. Turns out that the equations of equilibrium that we have derived
previously cannot be satisfied

P in genera since we have

l neglected all but the bending

stress. Therefore all we can do

hereisto impose equilibrium

globally and in an average

/y sense.
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L S, Cut the cantilever beam shown
in figure at some cross-
v sectional location and look at
the free-body diagram of either
o side. Clearly, we need the

N\ NN N
(%))

bending stress s, , to balance

the moment caused by the
applied loads, and we need a

shear stress s, for force

balance in the y-direction.
Leaving aside the force balance
in the y-direction, since our approximate theory cannot deal with the shear stress, let us
look at force balance in the x-direction, and also moment balance.

- From force balance in the x-direction, we must have:

du,(x) 0 9 u,(x) | _ _
pw: dAg =-E Pl 0 dA = 0., (thereis no net axial force)

I X —

In the above, we recognize that the first moment of area about the centroidal axisis zero
(that isthe definition of the centroid).

- Next consider moment balance. The net moment caused by the bending stress should
bal ance the net moment due to any applied y-directed forces. Thus:
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(Y O, dA= Ey2 u() ?;:-EaauyTz(x)c‘y2 dA = - M(X)

where |, = (‘yz dA isthe second moment of area (also called the area moment of inertia)

of the cross-section about the centroidal z-axis. M(x) is the net cross-sectional moment due
to the applied loads, and | have introduced a sign convention for moments as follows:

M .
M negative M
X
M (, vy JM
M positive vy

A moment istreated as positive if it causes compression of the beam at positive y-locations.
{ A handy way to remember this: With xy-coordinate as shown, asmiling beamisa
negative thing, and afrowning beam is a positive thing. Everything is upside down in the
Bernoulli-Euler universe! Remember our y-axis points downwards too!'}

We now have atool to figure out the deflection of abeam. We smply integrate:

2

El,— =M(x) ...Bernoulli-Euler beam equation (8)

z dx?

To do so, wefirst need to compute the net cross-sectional moment for any given beam, and
we also need boundary conditions for the beam deflection. Before we do that, note that the
bending stress can now be written directly in terms of the bending moment using the above:
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5.3 BOUNDARY CONDITIONS:
Beams can be supported in several ways. Two common supports are:

(i) Fixed-end (clamped end, built-in end): Thisiswhen abeam is embedded in arigid wall.

The displacements at afixed end are zero. This means

/ that:
/ R uy fixed-end =0
/ d qufixed—end =" y% =0b % =0

AX | fiyeq- ena X Lixed- end

In words, the beam deflection and the Slope are zero at a

fixed end. Note that afixed end can resist applied forces and moments.

(it) Smply-supported end (hinged end, pinned end): Thisiswhen the beam is supported by
a hinge whose pin goes through the neutral axis. The vertical displacement at a hinged end

is zero. Also, note that a hinge cannot resist amoment. This means that:

R &
d?u d“u

/ \ Mlsimplesupport = El z dXzy =0b d 2y

simple-support

/ 7 / / / simple-support A simple-support

Sometimes, a simple-support will be shown on rollers so that horizontal displacements
even a the neutral axis are possible (Note that this does not mean that the neutral axis
stretches). This does not change the boundary condition for the beam deflections at al.
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5.4 SOLUTION PROCEDURE:
We can now make the analysis of any beam a routine thing by following a set of
steps best explained by means of an example.

Example: Consider afixed-hinged beam of uniform flexural rigidity (thetechnical
name for the combination El,)
which carries a uniform distributed

b load on the top of s, N/m?.

S

0

7 Step 1: Look at the free-body
diagram of the entire beam by
removing it from its supports. Note

e that the problem is statically
y indeterminate since the unknown
S rectionsare{Mg,, R,,, Ry, Rg,}
and we can have a most twé force
balance and one moment balance

E equation.
RAx 3

Step 2: Make acut at some cross-

s Dl

NN\ N

R, Rey section at adistance x from the left
' end. From the free-body diagram of

—X — - L-x » theright part of the beam, we have:

' _ 2

y M(X) M(X) > M(x) =- R, X]

R E! : lv) (v Us ng thisin the Bernoulli-Euler
S SX) equation:
RAy RBY d2U
El,— =~ Ry[L- X x|°

which upon integrating twice yields:

o bél’x> x* L{u

éLx®  x%u
Elu =-R, —- — +—= . + . == X+C
A= Ry T Ba 262 T2 3E TG
du
Using the boundary conditions: u| =0; T)Z =0; uy|X:L = 0 wefindthat c,=c,=0
x=0

3

and RBy——o bL, and so:
o by xi’l o,

the beam deflectionis: u (x) = i 2 - 5;

1 1B 1%10 “ %L 3%

We can of course get the bending stress and the other quantities of interest once we have
the beam deflection. We can also figure out where the beam deflection is largest and so on.
Y ou will do such thingsin ahomework assignment.
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